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Abstract

We investigate the linearized response of two elastic half-spacessliding past one
another with constart Coulomb friction to small three dimensional perturbations.
Starting with the assumptionthat friction always opposesslip velocity, we derive a
set of linearized boundary conditions relating perturbations of sheartraction to slip
velocity. Friction introducesan e ectiv e viscosity transverseto the direction of the
original sliding, but o ers no additional resistanceto slip aligned with the original
sliding direction. The amplitude of transverse slip depends on a nondimensional
parameter = cs o=V, Where g is the initial shear stress, 2vg is the initial slip
velocity, is the shear modulus, and cs is the shearwave speed.As ! 0, the
transversesheartraction becomesegligible,and we nd an azimuthally symmetric
Rayleigh wave trapp ed along the interface. As ! 1, the inplane and antiplane
wavesystemsfrictionally coupleinto an interface wave with a velocity that is direc-
tionally dependert, increasing from the Rayleigh speedin the direction of initial

sliding up to the shear wave speed in the transverse direction. Except in these
frictional limits and the specialization to two dimensional inplane geometry, the
interface waves are dissipative. In addition to forward and backward propagating
interface waves, we nd that for > 1, athird solution to the dispersion relation
appears,corresponding to a damped standing wave mode. For large amplitude per-
turbations, the interface becomesisotropically dissipative. The behavior resenbles
the frictionless responsein the extremely strong perturbation limit, exceptthat the
waves are damped. We extend the linearized analysis by presering analytical so-
lutions for the transient responseof the medium to both line and point sourceson
the interface. The resulting self-similar slip pulsesconsistof the interface wavesand
head waves, and help explain the transmission of forces acrossfracture surfaces.
Furthermore, we suggestthat the ! 1 limit describesthe sliding interface be-
hind the crad edgefor shearfracture problemsin which the absolutelevel of sliding
friction is much larger than any interfacial stresschanges.
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1 Intro duction

Boundaries of elastic solids are waveguidesalong which evanescet modes
propagate. Boundary conditions couple the otherwise independerily propa-
gating dilatational and shearwaves. In the caseof a free surface,evanescen
dilatational and shearwavesinterfere constructively to form the Rayleigh sur-
face wave. Transiert disturbancesalso excite head waves, in which trapped
dilatational waves corvert to shearwaves that radiate away from the inter-
face.

In a similar manner, trapped modes may exist along internal interfaces. A
variety of possibleinterfacial conditionsleadsto an assortmenm of thesewaves.
For welded cortact between dissimilar materials, these are Stoneley waves,
which exist as true trapped modes only for a particular range of material
cortrast (Stoneley,1924;Cagniard, 1962).Frictionlessinterfaces(i.e., thosefor
which the sidesof the interfaceremainin cortact, but o er no shearrestoring
tractions) support generalizedRayleigh waves.Acherbad and Epstein (1967);
Weertman (1963) studied the existenceof modesalong sud interfaces,which
simplify to a pair of Rayleigh wavesin the limit that the materials on either
side becomeidertical.

The addition of friction complicatesthe analysis.Even with simple Coulonb
friction, to which we restrict our attention in this work, a rich variety of be-
haviors exist due to the nonlinearity of the systemas it undergaes sticking
and slipping everts. Much of the previouswork hasfocusedon stability prop-
erties of frictional sliding. As shovn by Adams (1995), steadysliding between
a dissimilar material pair under Coulomb friction is unstable with respect to
two dimensional (2D) perturbations in the direction of the original motion
for a wide variety of material pairs and frictional levels. The nature of this
instability is related to the existenceof the generalizedRayleigh waves, which
causechangesin normal traction (Ranjith and Rice, 2001). The amplitude
grows until the interfaceeither sticks or opens.The problem lacks an intrinsic
length scale,and there is consequetty no bound on the growth rate of short
wavelength perturbations. Ranjith and Rice (2001) proposeda regularization
shemebasedon experimerts (Prakash and Clifton, 1993;Prakash, 1998)to
x this ill-p osednesdy introducing a nite time or length scalewith which
the system responds to changesin normal stress, providing a limit to how
rapidly short wavelength perturbations grow. In the limit that the material
pair becomesdertical, slip perturbations are stable sincethey do not alter the
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normal traction. The solution reducesto the pair of Rayleigh wavesfound for
frictionless contact, independern of the level of friction. From the perspective
of a global energybalance,the energylost asfrictional heatis balancedby the
additional strain energyassaiated with the higher level of initial stress.This
independenceis well known for 2D pure mode shear cracks (Freund, 1989;
Broberg, 1999).

In this work, we restrict our attention to an idertical material pair, but ex-
tend the analysisto three dimensions(3D) by consideringperturbations at an
arbitrary angle with respect to the initial sliding direction. For most of the
analysis, we restrict our attention to small perturbations under a linearized
approximation. In this case,the overall direction of sliding is only slightly al-
tered by the perturbation. In 3D, the vector nature of friction must be taken
into accourt under the assumptionthat friction directly opposesthe instanta-
neoussliding velocity. This issuewas taken up by Cho and Barber (1999)in
the context of a frictionally sliding masselastically coupledto a driving force.
Depending on the anisotropy of the coupling and the level of friction, sliding
may be stable or unstable.

Motivation for studying the transient wave eld excited by interfacial distur-

bancescomesfrom 3D shearfracture problems.Wavesreleasedoy the exten-
sion of somesectionof the cradk edgetransmit forcesto other sections,driving

their extension.In arecen study of shearcradk growth through strength het-
erogeneities,Dunham et al. (2003) found that high strength barriers (those
taking se\eral times more energyto break than the surrounding interface)
fail after the surrounding regionson the fracture surface have started slid-
ing. Upon failure, the barrier releasegwo distinctive, nearly elliptical setsof
slip pulses,one of which overtakesthe slover moving crak edgeto drive it

forward at a supershearspeed. Furthermore, while the deformation eld at
any point on the cradk edgecan be decompmsedinto mode Il and I11 compo-
nerts (Irwin, 1960;Kostrov and Nikitin, 1970),with driving forcescarried by
inplane and antiplane wave motions, our solution o ers an alternative inter-

pretation in terms of a directionally dependen interfacewave that couplesthe
2D wavesystems.This picture is more natural for mixed mode and 3D shear
fracture problems,for which the amplitude of slip transverseto the direction of
the original shearloading hasbeenshown to depend on the relative magnitude
of the stressdrop comparedto the absolute level of stress(Madariaga, 1976;
Day, 1982; Spudidy, 1992; Andrews, 1994; Guatteri and Spudid), 1998). By
stressdrop, we meanthe di erence betweenthe initial shearload on the frac-
ture surfaceand sliding friction; i.e., the stressavailable to drive the rupture.

Das (1988); Das and Kostrov (1988) investigatedthe e ect of the magnitude
of sliding friction on spontaneousshearfractures, nding that increasedfric-

tional levels inhibited growth by slowing down the cradk propagation speed,
even when the stressdrop was held xed.
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Fig. 1. Model geometry shaoving the 3D nature of the problem. A small perturbation
(vx;Vvy) about the steady state velocity vq is applied. We study these perturbations
in the form of plane waves propagating at someangle with respectto the original
sliding direction, as marked by the dashedlines in the top view.

2 Problem Statement

Consideranin nite mediumcontaining a planar interfaceat z = 0 and subject
to an initial compressie ¢ and shear o load, where the x-axis is aligned
with the shearload and > 0. The medium is isotropic and linear elastic,
characterizedby a shearmodulus and dilatational and shearwave speedscy
and c;. For corvenience,we refer to the plane of the interface as horizortal,
with the positive z-axis extendingvertically. Further assumethat the two half-
spacesare sliding relative to eat other along the x-axis with velocities vy,
forz> 0andz < 0,underconstart Coulonb friction f = = o. Weintroduce
a perturbation to the system, and seekthe responseunder the requiremert
that frictional resistanceremainsconstart in magnitude but rotatesto remain
antiparallel to the local sliding velocity. A sdhematic diagram of the geometry
is given in Fig. 1.

For simplicity, we write the boundary conditions for z = 0" only; a similar
form holds for z = 0 . Denoting the perturbation without a subscript and
Cartesianunit vectorsase, and ey, we write

(ot xz)ex+ yz€y _ f “(Vo + vy )ex + Vyey
= § :
ot 2z (VO + Vx)2 + (Vy)2

1)

Displacemen componerts of the perturbation are denotedas u;, particle ve-
locities as v;, and stressesas ;. Under the assumptionthat the perturbed



elds are small with respect to the initial conditions, this linearizesto

V
(i + i)ex + iey = _yey: (2)
0 0 0 Vo

This assumptionrepreseis the main simpli cation in our study, limitations of
which arediscussedelow. Perturbations to the slip velocity in the direction of
the initial sliding decouplefrom perturbations to stressat rst order. Instead,
shearand normal stressesoupleto maintain the required friction level in the
original sliding direction.

This boundary condition may be further simplied by restricting oursehes
to the specic classof problemsin which slip is antisymmetric acrossthe
interface, which sustains a symmetric normal displacemen that keepsthe
two sidesin cortact. The perturbed shearstresses ,, and , are symmetric
and the perturbed normal stress ,, is antisymmetric. Sud a situation is
physically motivated when the sourceof the perturbation is shearfailure of
material on the interface (i.e., a loss of shear strength modeled as a drop
in sheartraction). Coupled with the cortinuity of normal stressacrossthe
interface, this symmetry sets ,, = 0. Sincethere is no changein the normal
stress, ., = 0. Of course,this symmetry assumptionfails if the medium has
someexternal boundary, for example, near the earth's surfacefor a dipping
fault. Hereafter, we restrict our attention to the half-spacez 0.

The completeset of linearizedboundary conditions we usein this study (with
the exceptionof section7) is then

xz =
yz= o0 W=W= 0 (3)

7z —

The transverse boundary condition introducesan e ective viscosily set by
the steady state conditions. We can compare the magnitude of the viscous
traction increaseto the instantaneouselastadynamic responseof the interface
to changesin slip velocity. Slip velocity perturbations are accompaniedby
the releaseof a pair of horizontally polarized shearwaves emitted normal to
the interface, decreasingthe sheartraction (Brune, 1970;Rice, 1993). This
radiation damping responseis expressedn the transversedirection as y, =

V y=G. Thus, we have two competing e ects; the relativeimportanceof them
is captured by the nondimensionaltransverseviscosity parameter

= C 9= Vo. (4)

The specialvalueof = 1 correspndsto a precisebalancebetweentransverse



sheartraction decreasingdue to radiation damping and increasingdue to the
e ectiveviscousfriction. As ! 0, frictional resistancebecomesegligible,the
transverseboundary condition becomes y, = 0, andthe interfaceis e ectively
frictionlesswith respect to the perturbations. For ! 1 , friction dominates,
the boundary condition becomesvy, = 0, and the interface is constrainedto
slip only in the original sliding direction. The small perturbation assumption
actually fails in the strict ! 1 Ilimit, sincefor nite ¢ this implies that
Vo ! 0. Howewer, solong asthe perturbation amplitude is small enoughthat
secondorder terms can be neglected,we nd that the solution for any 1
is e ectively idertical to that obtainedin the strict ! 1 limit.

For shear fracture problems, the value of roughly measuresthe ratio of
the absolute value of stressto the stressdrop, which has qualitatively been
shovn to determine the amourt of transverse slip (Madariaga, 1976; Day,
1982;Spudid, 1992;Andrews, 1994;Guatteri and Spudid, 1998).This canbe
understaod in the following manner.As a crack propagatesalongan originally
lockedinterfacewith stressdrop  andsliding friction o, particle velocities at
the interfacewill be of ordervy ¢ =, asrequired by radiation damping.
This velocity will be somewhatuniform over an areaon the sliding surface
su ciently removed from the cradk edge,where much higher velocities are
expected, provided that the rupture processhasbeenrelatively homogeneous.
Forcesare transmitted acrossthis sliding surfaceby elastic waves, which are
appropriately modeledasperturbations of a frictionally sliding interface.Sudh
forcesare generated,for example, by the failure of a small heterogeneiy or
by the extension of some portion of the cradk edge. Transwerse resistance
is parametrized with o=, Which is much greater than unity when

o. It is consequetly appropriate to considerthe ! 1 limit under
theseconditions.

There arese\eral limitations of this model. Our analysisdescribesthe behavior
of wavesremoved from the cradk edge;impingemen of thesewaveson the edge
resultsin a complexset of di ractions that we do not consider.Furthermore,
the amplitude of the perturbation must be small comparedto the original
sliding conditions for the linearized analysisto hold, a condition that is not
always satis ed in the numerical experimerts of Dunham et al. (2003) since
they consider high strength regionsthat fail with a large stressdrop. We
considerlarge amplitude perturbations later in this paper (section7), nding

that for extremely strong perturbations the interface responds isotropically,
asif frictionless exceptwith the wavesbeing damped. Howeer, to read this
limit, the stressdrop within the barrier must be se\eral orders of magnitude
largerthan the magnitude of sliding friction in the surroundingregion.Finally,
we have assumedhat the original sliding rate is spatially uniform. If it instead
varies,then our analysiswill apply only to thosecomponerts of the perturbed
elds having a wavelength much smaller than the spatial variation length of
the parameter . In this case,the waves will adapt to the local value of ,



as follows from the ideas deweloped by Woodhouse (1974) on surface wave
propagation through regionsof slowly varying properties.

This paper is organizedin the following manner. The analysisbeginsby de-
composingthe elastadynamic responsein terms of plane waves(section 3). We
cortinue in sections4 and 5 with a study of the homogeneougsource-free)
problem. We prove the existenceof two nondispersiwe interfacial modes, sim-
ilar to the Rayleigh wavesfound along frictionless interfaces.The two modes
correspnd to forward and backward propagating waves, but are otherwise
identical. Friction couplesthe inplane and antiplane wavesystemsmaking the
phasevelocity dependert on the direction of propagation with respect to the
original sliding direction. The e ectiv e viscousfriction in the transversedirec-
tion dampsthe modes.For > 1, athird root to the dispersionrelation comes
into existence,correspnding to a dissipative standing wave mode. In section
6, we extend this analysisby solving for the transient responseto point and
line sourcesapplied directly on the interface. The self-similar solutions are
obtained using the method of Willis (1973). The solution consistsof direct
dilatational and shear waves, the interface waves studied in section 4, and
headwavesresulting from dilatational to shearcorversionalongthe interface.
We concludein section 7 with a discussionof the fully nonlinear boundary
conditions (1) for large amplitude perturbations.

3 Plane Wave Decomp osition

Our analysisis carried out by represeting the solution as a superposition of
plane waves. The perturbations to the displacemen eld are governedby the
elastadynamic equation

@u

@2:c§r (r u & r u ()

which we decompse using displacemen potentials represeting dilatational
and shearmotions

u=r +r (6)

that satisfy the wave equations

1@ _
(gd@"'rz) =0
(3840 =0 @



and gaugecondition

r =0: (8

We transform into the plane wave basisusing Fourier-Laplacetransforms of
the form

2 2 2
dt dx dye ik(x cos +ysin t)( ), (9)
0 1 1

wherek is the horizortal waverumber, is the horizontal phasevelocity, and

is the propagation angle of the wave. Each plane wave componert thus has
the dependenceexpfik(x cos + ysin t)], which is hereafterassumedThe
solution for the potertials is

( ski;2)=P( ;k )ek
(k5 2)=B( ;k )eks? (10)

where 4= (1 2=¢)*and ¢= (1 2=)¥2. Wekeepk real and positive,

but extend to the complexplane asrequiredby the Laplacetransform. The

brandch cuts of the squareroots lie in the complex phasevelocity plane suth

that Re 4> 0,Re > Oforall to satisfythe radiation condition at in nit y

(i.e., that all elds vanishasz! 1), consequetly extendingfrom cqto 1 ,
cgto 1 for 4, andfromctol, cto 1 for .

We apply the gaugecondition (8) to eliminate the z-componert of the vector
potertial and rotate the horizortal componerts by the angle =2 |, de ning

0 1 0 10 1

&:x - &:‘0“ S ¢85 %. 1)

S sin By

In terms of the three unknowns, the inplane wavesystemis represeted by P
andV for the dilatational and shearcomponerts, while the antiplane wavesys-
tem residesin H. The displacemets and stressesare given by

1 1

0 0 10 10
Uy cos sin 0O i < O Pekadz

%wéz %Sin cos 0;% 0o 01 gE%Ve k sZE (12)
u, 0 0 d |

Xl

1 0 Heksz
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1 Xz Ccos Sln 0 2i d 1+ g 0 Pe k 4z
kz% yzgzasin COS OE% 0 0 2 1;%\/6“2%;
2 .

2z 0 0 1 1+ £ 2i g 0 Heks?

wherethe 3D expressionsortain rotations of the usual 2D wavesystems,as
discussedby Geubelle and Rice (1995).

4 Propagating Interface Waves

Let us begin our analysisby studying the source-fregproblem with the set of
boundary conditions de ned in Eqg. (3). Applying theseboundary conditions
yields a homogeneousystem of equations.For a nontrivial solution to exist,
the determinart of the coe cient matrix, given by

D(; )= R+Rcog + 21 2?)sir?; (13)

where =i = andR =44 (1+ 2)?isthe Rayleigh function,
must vanish. Sincethe problem lacks a characteristic length or time scale,the
dispersionrelation (13) isindependern of k and the wavesare nondispersive. As
we shallshav, iscomplexexceptin certain limits, makingthe wavesunstable
if Im > Oordissipativeif Im < 0.Wenotethat if D(Re +ilm ; )= 0,
thenD( Re +ilm ; ) = 0aswell, correspnding to the equivalenceof
wave propagationin either direction. In cortrast to other problems,the roots
do not occur in complex conjugate pairs.

The waves are dissipative and the sliding is stable to perturbations in all

directions, exceptin speciallimits for which the wavesare neutrally stableand

nondissipative. Usingthe argumert principle of complexanalysis,we shawv that

two roots always exist, and when the e ective transverse viscosity becomes
suciently large ( > 1) a third root comesinto existence(see appendix

A). We label this third root ( and the previoustwo . First we concern
ourselhes with the two roots that always exist. A numerical solution of the

dispersionrelation shavsthat theserootslie in the stableregionofthe complex
phasevelocity plane. They correspnd to forward and badkward propagating
modes,and are a generalizationof the Rayleigh wavesthat exist for frictionless
cortact.

Let us examinethe condition for neutral stability. For this to occur,Im = 0.
Our solution is a superposition of evanescen dilatational and shear waves
decaing exponertially away from the interface and has a phasevelocity less



than both wave speeds.Under theserestrictions, the term of the dispersion
relation (13) containing is imaginary, while the remaining terms are real.
Sinceboth the real and imaginary parts of this equation must separatelybe
zero,a solution existsonly if R=0andRcog + 2(1 2)sii® = 0.For
arbitrary , this is the caseonly when = 0or = =2. Thesecorresmpnd to
the standard 2D inplane and antiplane loading geometries respectively. As is
well known, the inplane loading geometrysupports interfacial Rayleigh waves
(Acherbad and Epstein, 1967;Weertman,1963,1980).The antiplane solution
IS = G, shaving that a horizontally polarized shearwave may propagateat
grazing incidenceto the interface without altering any traction componerts.
Howeer, this does not correspnd to a trapped wave, since its amplitude
is independent of distance from the interface. In both of these geometrical
limits, the coe cient of friction no longer enters into the elastadynamics of
the problem, asoccursin the analytical solutionsfor 2D crads (Freund, 1989;
Broberg, 1999).

For any other valuesof , we must placerestrictionson to obtain nondissipa-
tive modes. This occursin the limiting cases ! Oand ! 1 .Asdiscussed
earlier, the ! 0 limit reducesthe interface to a frictionless surface with
respect to the perturbations. The artiplane wavesystemdecouplesfrom the
inplane wavesystem,and we nd two solutionsto the dispersionrelation, both
independent of and the geometryof the loading system.The rst, = c;,
is the antiplane solution like that found when = =2. The secondsolution
occurswhen R = 0, and the interface wave is the usual Rayleigh wave, as
for the inplane loading geometry When ! 1 , the antiplane wavesystem
doesnot decoupleand the phasevelocity of the interfacewave dependson the
direction of propagation, increasingmonotonically from the Rayleigh speedat
= 0to the shearwave speedat = =2, asshowvn in Fig. 2.

The particle motion for thesemodesis proportional to

2 2 #
Ux/ cos ede R+ s(1+ s)eksz

2 2

‘ cot? R S 2+ 2 #
H z S S sZ
uy/ sin e+ 22 e (14)
. 1+ 2
U,/ i ge ka2 j——Seksz
2 s

which is valid for arbitrary = and . We speci cally focus on the interface
wavesin the ! 1 limit. Similarto Rayleigh waves,the motion is retrograde
elliptical at the interfaceand progradeelliptical at depth. The depth at which
the horizorntal componert goesto zero is roughly independen of . As

increasesmore of the inplane wave motion, which acts against the e ective

10
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Fig. 2. Interface wave speedas a function of azimuthal angle inthe ! 1 limit.
The speedat = 0 correspondsto the Rayleigh wave speedfor the material.

viscosity, corverts to antiplane motion. This is illustrated in Figs. 3 gnd 4. For
these,and all remaining plots, the material is a Poissonsolid (cy = = 3c).

Exceptin the speciallimits discussedoreviously the interfacewavesare dissi-
pative. Fig. 5 shows the numerical solution of the dispersionrelation (13). We
seethat the deca rate is most pronouncedfor land approading =2.
These gures reveal an interesting feature, namely that the phasevelocity can
exceedthe shearwave speedwithin a certain region of parameterspace.This
occurscloseto the region of maximum damping, but for larger . Unlike the
nondissipative casegdiscussedreviously in which the elds exponertially de-
cayed away from the interface with no oscillation (purely evanescet modes),
extensionto complexvaluesof phasevelocity intro ducesoscillationsthat mod-
ulate the exponertial decyy.
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p/2



=
1
N
E.N
3)(
-0.5 L L L L
0 2 4 6 8 10
kz
1.5 .
f=3p/8
f=p/4
f=p/8
ir f=0 ]
=
LI‘
<. 05¢ ]
=
;>,
0
-0.5 L L L L
2 4 6 8 10

kz

=0)]

uzl[uz(z

kz

Fig. 3. Displacemen amplitudes, normalized by u,(z = 0), asa function of distance
from the interfacein the ! 1 limit for various . At = =2,the interface wave
becomesa purely antiplane shearwave with amplitude independert of distancefrom
the interface.

12



15

f=3p/8

f=p/4
f=p/8
1r £=0
5
11
N
N 0.5
&
>
0,
05 !
0 2 4 6 8 10

kz

0]

/[uz(z:

u
perp

-0.5
0
kz

Fig. 4. Horizontal displacemen amplitudes, normalized by u,(z = 0), asa function
of distance from the interface in the ! 1 limit for various . The elds are
rotated to show the parallel (upsr) and perpendicular (Uperp) componerts, which
would represen the inplane and antiplane wavesystemsin the free surface limit.

As ! =2, the perpendicular componert increasesin amplitude, revealing the
coupling betweenthe wavesystems.

5 Damp ed Standing Wave Mo de

As shown in the previous section, two roots of the dispersion relation (13)
correspnd to frictionally damped Rayleigh waves. Here we show that the
third root, which comesinto existencefor > 1 (seeappendix A for a proof of
this), is africtionally damped standingwave. As noted earlier,if Re +ilm

is a solution, sois the badkward propagatingmode Re +ilm . It follows
that for only oneroot to exist, it must be nonpropagating (i.e., Re = 0).
We restrict our seart to the imaginary axis and again numerically sole the

13
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the boundary at which Re = cg; to the right of this, the waves have supershear
phasevelocities.

dispersion relation (13). Fig. 6 shows the dependenceof Im on and
The dissipation rate increasesas decreasesind appearsto divergeat = 1,
abruptly vanishing below this critical value.

We can understand the physical signi cance of = 1 by comparingthe ef-
fective transverseviscosily to the instantaneousradiation damping response.
This special value correspndsto an exact balanceof radiation damping and

14
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friction. Increasinglevels of friction (> 1) force an instantaneousincrease
in transversetraction with transverseslip. A ow of energyfrom the steady
state driving is requiredto satisfy this condition, resulting in a net dissipation
within the system.

The decy rate is typically larger for this mode than for the two propagating
modes,particularly when islessthan approximately 10. Consequetly, it has
little signaturein the long-time responseof the systemto transiert excitations,
but doesin uence how rapidly the systemdecas into its asymptotic limit.

We investigate this mode further in appendix B.

6 Transient Response

We now turn to the transient problem in which the interfaceis subject to an
excitation in the form of point step-functionstressdrop of amplitude S (having
units of force). The resulting displacemen eld senesasthe Greenfunction
for a generaltime-dependernt sheartraction distribution on the interface. A

15



similar solution was constructed by Harris and Day (1997) in their study of
inplane shearcradks along a 2D bimaterial interface, and the application of
the related solution for free surfaceso shearfracturesis discussedy Richards
(1979).

Our boundary conditions on the interface are now

xz= SH(t) (x) (y)

yz Wy _
=0 15
c (15)
22=0;

whereH () is the Heaviside step function and () is the Dirac delta function.
Applying the boundary conditionsin Fourier-Laplacespaceyields

_ S
P—WZCOS @+ ) s
V:%(;)icos 1+ )1+ 2 (16)
H = S isin [R+ 21 2]
k3 D( ;) 1 2 '

Theseresults are usedwith the expressiong12) to nd the dilatational and
shearcomponens of the displacemen elds. For notational corvenience,we
write theseas

S h i

W( ikii2)= gy O e iyt an

wherei = x;y;z. The relevant expressionsare

fd(; )=2icog (1+ ) s

fR( ;)= ifcos (1+ ) s(1+ 2) si® [R+ 21 2= <9

fd( : )=2isin cos (1+ ) s (18)
fo( 5 )= isin cos f(1+ ) (1+ )+[R+ 21 )=«
fI(; )= 2cos (1+ ) s 4

f2( 5 )=cos (1+ )1+ 2):

16



6.1 Inversion of Transforms

To invert the transformsto the space-timedomain, we usethe inversiontech-
nique of Willis (1973). The Fourier-Laplace domain solution for any eld is
broken into dilatational and shear cortributions. Only the inversion for the
shearwave term will be presenied; the dilatational term is similar. Writing
this cortribution asU( ;k; )e ¥ sZ, the inversionformula can be written as

17+i0 2 A
u(t; x;y:z)= (2 ) 3Ii|rrg) d d  dkk?
S 1 +0 0 0

U( ;k; )explik(xcos + ysin t) k sz k] (19

The factor of e K ensurescorvergenceof the integral and becomespartic-
ularly useful when evaluating a later result numerically. By virtue of the
self-similarity of u (it is homogeneou®f degree 2), we have k?U( ;k; ) =
U( ;1; ). This permits usto ewvaluate the k integral to get

2 17+i0
u(t; x;y;z)=i(2 ) 3IimJ d d
o 1 +0
ety (20)
XCOS + ysin t+i z+ i

The integral can be ewaluated by closingthe cortour with a semicircleat
in nit y in the upper half of the complex phasevelocity plane and using the
residuetheorem. We denotethis path . The polesof U lie on or below the
real axis; hence,the only singularity of the integrand within the cortour is
possibly a pole from the denominatorat = ¢ where s is the solution to
& X i@ 2=@)¥z =i with X = xcos + ysin . This is recognized
asthe equationde ning the well-known Cagniard path C, which is tradition-
ally expressedn terms of the horizortal slownessor ray parameter !, and
physically correspndsto generalizedray arrivals. The relevant solution is

_ X+ i) +izft2 [(X +0)2+ 2=Egi?

t2  z2=¢ ’ (21)

S

the other root lies either outside or on the Riemann sheetthat does not
satisfy the radiation condition.

The path of this pole through the complex phasevelocity plane occurs as
follows, where the obsener position (X;z) is assumed xed and the path
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0, = csp X2+ 7z2=z i0 below the real
Z=G;, the pole moves left just below the real

is parametrized by t. At t
axis. As t increasesto tg

axisoutto = 1 i0. For t in nitesimally greater than ts, s moves
into the cortour at ¢ = 1 + i0. The pole then movesto the left just
above the real axis with increasingt until t = = X2+ z2=¢. At this point,

s = G X2+ z2=X + i0. When inverting for the dilatational wave cortribu-
tion, this is always to the right of the rightmost branch point. For the shear
wave cortribut'b)n, howeer, this path crossesthe dilatational wave branch
point whencs X2+ z2=X = ¢4, which de nes the locus of obsener posi-
tions at which head wavesbeginto appear. At this point, the pole leavesthe
real Gxis and moves up and tcb the left until Im ¢ readiesa maximum at
t= 2X2+ z2=g and = ( 2X?2+ z2 + iz)cs=2X . The pole then begins
approading the origin, asymptotically following the path = (X + iz)=t as
t! 1 .Fig. 7 showsthe sectionof the path within .

Useof the residuetheoremto ewaluate the integral forcesus onto this path,
leaving

z 1
4 UCsiLOHE 1),

: 22
t+izg(l ) =2 )

1
u(t,x;y;2) = 7
0

This remaining integral, physically correspnding to a superposition of 2D
solutions at azimuthal angle , must be performednumerically.

We can also extract the 2D responseto a line force using the 3D formula. We
rotate our system of coordinates (x;y) in the plane of the interface by the
angle to (x%y9. The forceis still applied alongthe x-axis, but the solution
is now independen of y°(i.e., the boundary condition ,, = SH(t) (x) (y)
is replacedby ,, = SH(t) (x9, where S now has units of force/length).
The 2D limit in the Fourier-Laplacedomain is obtained by multiplying the
3D solution by 2 (kyo), which changesthe degreeof homogeneiy of the dis-
placemen eld to 1. We thusinvert instead for the velocity eld, which is
givenby V( ;k; )= 2 i k 2 (kpe=k)U( ;1; ), whereU is the 3D solution
for the point force.

Inserting this into Eq. (22) (replacingdisplacemen with velocity) collapseghe
azimuthal integral. The two cortributions occurwhen = and = +
which are complexconjugatesof ead other. Hence,

sU( ;15 JH(E t)
. 2 _
t+izgl ) 7

v(t;r;z) = Lim ; (23)

wherer = P xZ + y? replacesX in Eq. (21).
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Fig. 7. Represemation of the integration cortour and the Cagniard path C in the
complex phasevelocity plane. Branch points, branch cuts, and interface wave poles
are also shown. The Cagniard path encourters the dilatational wave branch point
if the obsenation point lies within the region where head waves are presert.

6.2 Line Source

We presen the results of the line source rst, which do not require any in-
tegration to compute. The pattern of wavefrorts for a frictionless interface
is shavn in Fig. 8. Four arrivals occur for the inplane geometry These are
the cylindrical dilational and shearwavefrorts, the Rayleigh wave, and head
waves. In the antiplane geometry only the cylindrical shearwavefront exists.
Forz 0, particle velocities are obtained using Eqgs. (17) and (23) as

Ao JH(t  z=c)

D( i Jt+ il &) 2]
fo( s JH(E z=¢)

D( s Mt+ig@ o) 27

+

vi(t;r;z) = i Im

(24)

with the f; givenin Eq. (19). There are two limits in which the solutions are
independen of ;theseoccurwhen = 0and = =2, correspndingto pure
inplane and pure antiplane geometriesfor which the solution to our problem
is well known. For mixed-made caseshe dependenceon emergesasshovn
in Fig. 9. The four wave arrivals characteristic of the inplane free surfaceare
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Fig. 8. Wavefronts radiating from a line stressdrop through the origin for a fric-
tionless interface at z = 0 in inplane geometry P and S denote the cylindrical
dilatational and shear waves, R is the Rayleigh wave, and H is the shear head
wave excited by evanesceh dilatational wavesalong the interface. For the antiplane
geometry, only the shearwave is presen.

slightly modi ed, with the interfacewave discussedreviouslytaking the place
of the Rayleigh wave.

We have veri ed these2D resultsusingthe spectral boundaryintegral method-
ology proposedby Geubelle and Rice (1995)to calculatethe interfacial parti-
cle velocity. Resultsare computedusing 512 spatial grid points with the point
forcedistributed overthe certral two nodes,andthe interfacial friction obeying
the linearized boundary condition (3). Fig. 10 shavs agreemeh betweenthe
numerical and analytical solutionsfor = =4 andvariable . Smallvaluesof

, approading the frictionlesslimit, showv a distinct separationbetweenshear
and Rayleigh wave arrivals resulting from the independen propagation of the
inplane and antiplane wavesystems.As increasesthe increasingtransverse
resistancecouplesthe antiplane wave systeminto the interface wave, which
dominatesthe arrivals.
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Fig. 9. Particle velocities for a 2D line sourcewith step-function time dependence

for various

and . A comparisonwith the wavefronts generatedalong a friction-

lessinterface (Fig. 8) revealsthat increasing couplesthe inplane and antiplane
wavesystems.This is particularly evident at intermediate anglescloseto the inter-

face.
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Fig. 10. Interfacial particle velocities for a 2D line sourcewith step-function time
dependencefor =4 and various . The solid line is the analytical solution;
the points are computed using a boundary integral methodology. Wave arrivals are
labeled asin Fig. 8. At this angle, the coupling betweenthe inplane and antiplane
wavesystemsis most evidert. For small , the shearand Rayleigh arrivals are dis-
tinctly separated.As increasesthe wavesystemscouple and these arrivals merge
into a single interface wave.

6.3 Point Source

For the 3D point force problem, the displacemeh elds are obtained using
Egs. (17) and (22) as

2 _ )
ui(t; x;y;2) = S d fid( ¢ JH(t z-q:) N
4 20 D( g )t+ izdg(]_ Edg) 1=27]
fS( s )H(t z=G)

. 2 . (@)
D( & t+ig &) 7]
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Figs. 11 and 12 show the displacemeh elds at z = 0. Again, the analytical
solutions are veri ed numerically with a boundary integral solution. In this
case,only 256 grid points were usedin ead direction, with the point force
distributed over the certral four nodes.

The nature of the 3D solution as a superposition of 2D plane waves is evi-
dert. For small valuesof , antiplane shearwavesincreasinglydecouplefrom
the inplane solution and separatearrivals at the shearand Rayleigh speeds
appear. As increasesthe wavescoalesceanto the direction-dependern inter-
facewave that appearedduring the study of the homogeneougroblem. These
waves carry the static displacemen eld for the x and y-componerts on the
interface. In cortrast, the vertical componert shows a gradual approad to
the static solution. In addition to the interface waves, head waves begin at
the dilatational wave arrival. Increasing focusesmore energyinto the head
waves.

7 Nonlinear E ects

Our investigation hasthus far beenlimited to the assumptionthat the pertur-
bations are small enoughthat the linearization of Eq. (1) to Eq. (3) is valid.
Departuresfrom the linearizedfriction law will be most pronouncednear the
interfacewave arrival, wherethe largestamplitudes of slip velocity occur. The
point and line forcesolutionsinvestigatedpreviously are singular at the arrival
of the interface wave, consequetty violating the small amplitude assumption.
Of course thesesolutionsshouldbe usedin the cortext of constructinga nite

sourceby superposition, which rendersthe linear analysisvalid for su cien tly

small amplitude sourcesof su cient extert.

To study the nonlinear problem, we considerapplying a large perturbation

load o- The correspnding velocities at the interface will be much larger
than vy, which we consequetty neglect.In this case,the shearboundary con-
ditions reduceto

Vx

ot x2 = > 2

VE+ V7
V,

: (26)

yz :
2 2
VZ+ V2

The responseis now isotropically dissipative, with the total shear traction
vector aligned antiparallel to the slip velocity perturbation, irrespective of the
initial sliding direction. Becauseof the isotropy, we expect the responseto be
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Fig. 11. Interface displacemen for a 3D point sourceat the origin with step-function
time dependence.ln the ! 1 limit, the head wave pattern elongatesalong the
original sliding direction, as seenfor uy and u,. A closeexamination of the gures,
particularly uy, shows that two distinct shear and Rayleigh wavefronts exist for

I 0, while only one wavefront, corresponding to the directionally dependen
interface wave, appearsas ! 1.

similar in nature to the frictionlessresponse,exceptthat the perturbations will
be damped. The dissipation rate will increasewith perturbation amplitude,
sinceslip velocities will increasewhile the magnitude of the total sheartraction
remainsequalto .

Having establishedthe accuracyof our numerical methodologyin the previous

sectionsby comparisonto our analytical solutions,we arein the position to test
our ideashby applying perturbations of arbitrary amplitude with the nonlinear
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Fig. 12. Interfacial displacemen history rux=S for a 3D point source with
step-function time dependencefor various and . The solid line is the analyti-
cal solution; the points are computed using a boundary integral methodology. Wave
arrivals are labeled as in Fig. 8. In cortrast to intermediate angles (Fig. 10), the
e ect of varying is more subtle in thesestandard inplane and antiplane directions.

boundary condition (1). For simplicity, we restrict ourselesto 2D and consider
the step function application of a spatially distributed shearload in the x-
direction having a gaussianshape, i.e., %9(t; x;y) = Sexp( x®=L?)H(t),
wherethe primed coordinates and the line load are inclined at an angle =
=4 with respect to the unprimed coordinates and the unperturbed motion.

Fig. 13showsthe slip velocity on the interfaceasa function of load amplitude.
As expected, the interface behavior changesfrom the linearizedresponseto a
frictionless responseas the amplitude grows.

8 Discussion

We have shown that steady state sliding between two idertical elastic half-
spacesis stable with respect to slip perturbations at any orientation with
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Fig. 13. Comparisonof the interfacial velocity history v ,=Scs for a 2D gaussianload
with step-function time dependence 1929(t; x) = Sexp( x®=L?)H (t) for various
load strengths S at x%:L = 4 with the nonlinear boundary condition (1). The load
is inclined at the angle = =4 with respect to the direction of original sliding.
The initial conditions are sudh that = 3. As the load strength is increased,the
interface behavior changesfrom the linearized responseto a frictionless response.

respect to the original sliding. The basice ect of friction is to introducea pre-
ferred direction of slip alongwhich the energydriving the steady state motion

is preciselybalancedby the energydissipatedduring slip. Transwersemotions
encourer an e ectiv ely viscousfrictional resistancethat increaseswith trans-
verseslip velocity, leadingto dissipation of energyfrom the system. Friction

in uences wave propagation by coupling the antiplane and inplane wavesys-
tems. The source-freeresponseis characterized by the existenceof damped
interface waves, whosephasevelocity dependson both the steady state con-
ditions and the direction of propagation with respect to the initial sliding
direction. We nd that for higher levels of friction, correspndingto > 1,
a third root of the dispersionrelation comesinto existenceand is related to

whether or not the instantaneousresponseof the systemto transverseslip is
a decreaseor increasein transversetraction. This is a standing wave mode
with a rapid decyg rate; consequetly, it haslittle signaturein the long-time
responseof the system.
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We alsosolwedthe transiert problem correspnding to the application of point
and line tractions on the interface, shoving that the responseconsistsof di-
latational and shearwaves, interface waves, and head waves. The solutions
provide insight into the speedat which shearingforcesare transmitted across
the interface to drive decohesioror failure of as yet locked areas.For cradks
with a stressdrop that is small comparedto the absolutevalue of stress,the
transmission of these forcesis best understood not by decompmsing the re-
sponseinto inplane and antiplane componerts, but instead by consideringthe
directionally dependent phasevelocity of the interface waves in the large
limit. An exampleof thesewaves appearsin the form of slip pulsesemitted
from the failure of localizedasperity cortacts when the surrounding interface
is frictionally sliding, as may occur during dynamic fracture (Dunham et al.,
2003). The two setsof slip pulsesthey obsene are identi ed asthe interface
wave and headwaves.

Direct application of the linearized results is limited to small perturbations
occurring within an areaof nearly constart slip velocity, and to motions pre-
ceding the arrival of waves diracted o of the crak edge. For large per-
turbations, the linearized analysisbreaksdown. In the nonlinear regime, the
interface becomesgsotropically dissipative, yielding a responsesimilar to that
of a frictionless interface, exceptthat the wavesare damped.

This study raisesthe question of whether or not the viscousdamping that
characterizesthe 3D responseis su cien t to stabilize sliding alonga bimaterial
interface, at least within somerange of parameter space.This will require a
study of the appropriate dispersionrelation.
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A Roots of the Disp ersion Relation

We can use the argumert principle to demonstrate that depending on the
value of , either two or three roots exist to the dispersion relation (13).
This method was used by Cagniard (1962) in his study of the existenceof
interface wavesfor two solidsin welded cortact and by Acherbad (1973) for
the Rayleigh function. First, we recastthe dispersionrelation (13) in terms of
wave slowness,setting q= 1=, d= 1=q, and s = 1=c:

D(@= 's*s® PR+ Rcos +s*s* o)sin; (A1)

whereR = 4¢(d? P)¥(s? )2+ (s>  20P)2. The function is rendered
single valued by making a branch cut along the real axis in the complex g-
plane between s. The sign of the radicals is given as follows, where (+,-)
denotesa positive real part and negative imaginary part: quadrart | (-,+), Il
(-,-), 11 (+,-), IV (+,4#). The number of zerosZ, including multiplicit y, of
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D (g) within a closedcortour s given by

“ b9

D(g) da; (A.2)

1
Z = —
21

sinceD (g) hasno poles.We consider to be composedof two sections: ; , a

courterclockwise circle at in nit y, and ,, a clockwise path surrounding and

in nitesimally closeto the branch cut (seeFig. A.1). We considerthe function

D(g) asa mapping of the complex g-plane to the complex D -plane, and let
0= 9 + 90 petheimageof . Thus,

‘.
D’

0

1
z= (A.3)

which is just the number of times that © encirclesthe origin.

Let us rst consider ;. For ! 0O, we drop the last two terms. For large q,
R=2¢(d®> s?)andthusD =i s }d® s?)g®. ? encirclesthe origin
three times, giving three roots. For ! 1 , we drop the rst term and D =
[2(d> s?)cog s?sin® ]¢?, giving only two roots. Finally, for arbitrary
nonzero , the rst term dominatesand the path cortributes three roots.

The imageof |, is somewhatcomplicated. We de ne the cortour formally as
two line segmets running parallel to the real axis, the rst just above the axis
fromq= s+i toq= st+i,andthe secondust belowv the axisfromq=s |

tog= s i .Thesegmets areconnectedwith semicircularcortours certered
on the branch points g= s with radius . This is shown in Fig. A.1, along
with se\eral labelled referencepoints. The cortour is interpretedinthe ! 0
limit, allowing usto expandfor small . Valuesof D (q) along the portion of
the top line segmen in quadrart Il are givento leadingorderin asfollows.

At A,g= s+i and

ReD = s*co¢ 0
ImD = 2" s( s+4 s2 d?cog ): (A.4)

Along AB,q= p+i withd<p<s, and

q___
ReD=(2p*> s?)?( s s2 p2+cod )+ s¥(s? p?)sir?

ImD = 4p2q 2 p2q P2 d( 's! s2 p2+cog ): (A.5)
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Fig. A.1. Integration path in the complex slovnessplane that enclosesall potential
roots of the dispersionrelation. Shovn also are the branch points and branch cuts.

AtB,g= d+i and

ReD = (2d|20 Sz)2(p s s pOI2+ cog )+ s¥(s® &)sin’
ImD=4d*> 2 o d( *s? 2 R+ cod ):

AlongBC,qg= p+i with p<d< s, and

q — q q
ReD=( s! s2 p2+cog ) 4p® 2 p? d2 p2+ (2p°

s?(s?  p?)sin?

q
ImD=4p( 's?! s2 p+cod ) 2(s* 2p?)
S

S |
q q g2 pz d? pz'
2 2 p? ?)2 p? +Dp2 *? P T2 2
vy VA=) 2 2\2
p s 14p~ ¢ p pd p?+ (2p°  s) + 2 ps?sir?

2 P2
At C,g=1i and
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ReD = (1 hs?
ImD = 0: (A.8)

The above results are extendedto calculate the image path for the remaining
sectionsof , by noting seweral symmetriesof the variousterms. We write the
dispersionrelation asD(q) = D1(q)+ D,(g)+ D3(q), wherethe D; arethe three
terms asorderedin Eq. (A.1). Letting g= g + iq wheregg and g arereal,
we note that D( g + iq) is the complexconjugateof D (o + iq ). Thus, the
sectionsof 2. from qin quadrarts | and |11 are the complexconjugatesof the
sectionsfrom g in quadrarts Il and IV, respectively. Furthermore, ReD (R
ig)= ReDi(g+ig)andimDi(cg ig)=ImD;(cg+iqg), while D,(R
ig) = Do(r +ig) and D3(cg  ig) = D3(cr + ig). Thus, whenIimqg < 0,
ReD(q) > 0; hence,only sectionsof |, above the real axis can potentially
have an imagewith negative real part.

Wenow shaw that for > 1the imagepath newer encirclesthe origin, leaving a
total of three roots for the dispersionrelation, while for < 1, the imagepath
encirclesonceclockwise,leaving only two roots for the dispersionrelation. Our
proof rests on the following logic. For the image path to encircle the origin
at least once, there must exist someqg on , sud that ReD(qg) < 0 when
ImD(q) = 0. We prove that this is either newer true and ReD(q) > 0 when
ImD(qg) = 0, or that thereis only onevalueof qon , sud that ReD(q) < 0
when ImD(qg) = 0, and as g moves through this point Im D(q) goes from
negative to positive.

We considerthe sign of ReD (q) whenIrBD(q) =0.flImD =0atA, ReD >
0. Along AB, ImD = 0 when s 1"sZ p2+ cog = 0. At this point,
ReD = s?(s? p?)sin® , which is always positive. A similar argumen shows
that if InD = O at B, ReD = s?(s®> d? sin® , which is always positive.

Along BC, we write

ReD =fR+ s*s®> p?)sin?
mbD_ 'R

p s 2 P

+ 4f g+ 252 sin? ; (A.9)

where

q q
R=4p* 2 P & pP+(s" 2p%)°
q
f= sl g2 p2+ cod (A.10)
|

) ) qS2 pzqd2 s2 p2+ R p?
P
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We will needthat g > 0. This follows by noting that since

S

S
SZ p2 d2 p2
7P + 7 7 > 2 (A.11)

then

q q q
g>2 s pA 2 pP & p?); (A.12)

which is clearly positive. Next, usingIm D = 0 asa constrairt, we can write

'R? +szsin2 [20(s* p?») R]

ReD =
© 4gs 2 P 29

(A.13)

Sinceg > 0, the rst term is positive. Likewise,the secondterm is positive if
the bradketed expressionis positive. Somealgelgraand Ed. (A.11) shaws that
29(s®* p?) R > s?h,whereh=3s?2 4p> 4 sZ p2 d? p?. Weneedto
shov h > 0. The extrema of h occur when

S s !
dh _ S L
g - P 2+ 2 p? + 2 p?

(A.14)

vanishes A minimum occursat p = B,Wherehp: s(3s 4d)p> Osincergi < p?s.
Other extremacould exist if 2 =~ 82 p’= d° p°+ & p°= 2 p3
howewer, this requiresthe unphysical condition that d = s. It follows then

that h > 0, allowing us to concludethat ReD > Oif ImD = 0 alongBC.

At C,ImD = 0andReD = (1 1)s*. This is then the only location at
which ImD = 0 with ReD < 0, which only occurswhen < 1. For a point

on , just to the left of C (i.e., q= +i),
ImD 1
sz (9s 8d)+ 2s+ 2(3s  4d) co$ : (A.15)

Weshaw that this isnegativefor > 1.As decreaseghe expressiorbecomes
more negative; hence,it is su cient to showv that the expressionis negative
for = 1. For = 1, the expressionmay be written as (7s 8d) + (6s
8d) cog . Sinces 2d, this is negative. ThusIm D < O at this point andthe
image path crosseghe real axis to the left of the origin moving in a clockwise
direction. We concludethat for < 1, the dispersionrelation hastwo roots,
and for > 1it hasthree.
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B Long-time Response of the System to Transient Excitations

We investigate how the roots of the dispersion relation (13) determine the
long-time responseof the systemto transient excitations, particularly to elu-
cidate the signature of the standing wave mode. For simplicity, we consider
the responseof a single spatial Fourier mode to a step function stressdrop,
similar to the analysisof Geubelle and Rice (1995). The boundary conditions
are

o = SH (t) ék(x cos +ysin )

yz Vy _

— —2=0 B.1
e (B.1)
2= 0;

whereS hasunits of force/area. The Laplacetransformedsolution for particle
velocity is

iS h i

vi( 5k 2) = kD( ;) fOC 5 ye o+ ek (B.2)

wheref and f$ are de ned in Eq. (19) and the expfik(x cos + ysin )] in
this and following expressionss assumed.The inverselLaplacetransform is

K 17+i0 ‘
Vit ki 2) = o d vi( ;k;;ze'™ (B.3)

1 +i0

We closethe inversion cortour with a semicircleat in nit y in the lower half-
space,asshavn in Fig. B.1, similar to the procedureof Eason(1966). Integral
terms arise from distorting the cortour around the branch cuts, correspnd-
ing to the head waves. We obtain residue cortributions from the polesthat
occurwhenD( ; ) = 0. Thesecorresmpnd to the propagatinginterfacewaves
(denoted ) and standing wave mode (denoted ) discussedoreviously We
focus on theseresidues,which provide the asymptotic solution in the vicinity
of the interface in the long-time limit, as descriked by Chao et al. (1961)in
the corntext of a free surface.Theseare simple poles,sotheir cortribution to
the inversionintegral is

" #
vi( 3k 5 2)D( ;)

Vi(t; k, ; Z): @D( . ):@ € A t
" #= +
vi( k5 2)D( 5 ) ik ot
@ e . ° " 4
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Fig. B.1. Inversioncontour for the Laplacetransform, which is distorted around the
branch cuts. The cortour is interpreted in the limit that the paths parallel to the
Re -axis, heredrawn slightly o set from it, corvergeupon it.

vi( 5ki s 2)D( )# o ik
@( ; )=@ -

ot

0

In order to have a distinguishable signature, the decg rate of the standing
wave mode must be smallin someregionof parameterspacewherethe residue
is large. We nd that the residueof vy for this mode is an order of magni-
tude larger than that of v, or v,, again suggestingthat the physical nature
of this mode is related to the competition in the transversedirection between
radiation damping and the e ectiv e viscosily. Fig. B.2 shavs the amplitude of
the residuefor v, asa function of and . It is largestfor mixed mode per-
turbations and increasesas decrease$o unity (counteracting this, howewer,
is the increasingdecy rate as decreases)As an example,we considerthe
casewhen = 3 =8and = 10.We comparethe residuecortributions to the
exact responsecomputed numerically by the boundary integral methodology;
results are preseited in Fig. B.3.
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Fig. B.2. Standing wave mode residue cortribution to a single Fourier mode of vy,
under a step function stressdrop. The amplitude is nondimensionalizedby csS= .
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Fig. B.3. Response of a single Fourier mode to a step function stress drop for
= 3 =8and = 10.The numerical solution is comparedto the sum of all residue

contributions, which is dominated in the long-time limit by the oscillatory deca

from the propagating interface wave modes, rather than the standing wave mode.
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