
Physics 229A Gauge Theories: Homework
Solution V

Samuel E. Vázquez

Problem 1: EW Chiral Lagrangian

In this problem we study some of the higher dimensional operators that enter
the EW chiral Lagrangian. These are,

LEW = L1 + L2 + L3 + L4 , (1)

where L1 is the original chiral lagrangian that you studied in Hw 3, and

L2 =
α1

2
Bµν Tr(TW µν) , (2)

L3 =
β1g

2
1f

2

4
Tr(TVµ) Tr(TV µ) , (3)

L4 =
α8

4
Tr(TWµν) Tr(TW µν) . (4)

Note that I absorbed the g1 and g2 in the definition of the W and B bosons
respectively. Moreover,

Wµν = ∂µWν − ∂νWµ +
i

g1

[Wµ,Wν ] , Bµν = ∂µBν − ∂νBµ , (5)

with W ∈ su(2). We can now write this Lagrangian in momentum space
(use the unitary gauge, and the identities given in Hw 3):

L̃2 = α1k
2B̃µ(−k)W̃ 3

µ(k) + · · · , (6)

L̃3 =
1

2
β1g

2
1f

2B̃µ(−k)W̃ 3
µ(k)− 1

4
β1g

2
1f

2[W̃ 3
µ(−k)W̃ 3µ(k) + B̃µ(−k)B̃µ(k)] .

L̃4 =
1

2
α8k

2W̃ 3
µ(−k)W̃ 3µ(k) + · · · (7)
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Here I have only shown the terms that are not higher order interactions or
that are not of the form ∼ WµW

µ.
The terms above can be collected as,

L̃2 + L̃3 + L̃4 =
1

2
Π33(k

2)W̃ 3
µ(−k)W̃ 3µ(k) +

1

2
ΠBB(k2)B̃µ(−k)B̃µ(k)

+Π3B(k2)B̃µ(−k)W̃ 3
µ(k) + · · · , (8)

where at tree level,

Π33(k
2) = −1

2
β1g

2
1f

2 + α8k
2 , (9)

ΠBB(k2) = −1

2
β1g

2
1f

2 , (10)

Π3B(k2) =
1

2
β1g

2
1f

2 + α1k
2 . (11)

One can now easily verify the relations between the self energies and the
S, T and U parameters of Peskin and Takeuchi:

S = −16πΠ′
3B(0) = −16πα1 , (12)

αT =
e2

c2
W s2

W M2
Z

[Π11(0)− Π33(0)] = 2g2
1β1 , (13)

U = 16π [Π′
11(0)− Π′

33(0)] = −16πα8 . (14)

Here I have used the fact that,

f 2

4
=

M2
Zc2

W s2
W

e2
. (15)

Note that here Pi11 = 0.

Problem 2

This is a trivial exercise if you did last homework. We have,

Âe
LR =

ΓZ0→e−L e+
R
− ΓZ0→e−Re+

L

ΓZ0→e−L e+
R

+ ΓZ0→e−Re+
L

=

(
1
2
− s2

W

)2 − s4
W(

1
2
− s2

W

)2
+ s4

W

. (16)
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Problem 3: Littlest Higgs

In class, you learned that the “Littlest Higgs” model is also described by a
chiral lagrangian where now Σ ∈ SU(5) and breaks SU(5) → SO(5). We
can write

Σ(x) = e2iΠ/fΣ0 , (17)

were Σ0 points in a particular direction (see the class notes) and Π points
along the direction of the 14 broken generators, and can be written as

Π =




0 0 h̄+ φ̄11 φ̄12

0 0 h̄0 φ̄12 φ̄22

h+ h0 0 h̄+ h̄0

φ11 φ12 h+ 0 0
φ12 φ22 h0 0 0




. (18)

The Higgs doublet is h = (h+, h0), and the bars denote complex conjugation.
In this model we gauge a G1 × G2 = [SU(2) × U(1)]2 subgroup of the

global SU(5). When we set to zero de couplings of the group G1, there is an
enhanced SU(3)1 global symmetry living in the upper 3× 3 block of SU(5);
when the gauge interactions of G2 are turned off there is an SU(3)2 global
symmetry living in the lower 3× 3 block.

These SU(3) symmetries will be generated by a subset of the broken
generators. Looking at (18), we see that they will obviously act on the Higgs
field. In fact, we see that the Higgs part can be written as,




0 0 h̄+

0 0 h̄0

h+ h0 0


 = Re(h+)λ4 + Im(h+)λ5 + Re(h0)λ6 + Im(h0)λ7 , (19)

where the λs are the generators of SU(3) (Gell-Mann matrices). Similarly,




0 h̄+ h̄0

h+ 0 0
h0 0 0


 = Re(h+)λ1 + Im(h+)λ2 + Re(h0)λ4 + Im(h0)λ5 . (20)

Now suppose that we make a global SU(3)1 transformation:

Σ → e2iΠ/f
(
eiθaλ̃a/fΣ0e

iθaλ̃T
a /f

)
= e2iΠ/fei2θaλ̃a/fΣ0 . (21)
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Here I have used the fact that the broken generators obey,

TaΣ0 − Σ0T
T
a = 0 . (22)

Moreover, the generators λ̃a give the obvious embedding of SU(3)1 in SU(5):

λ̃a =

(
λa 0
0 0

)
. (23)

To leading order in an infinitesimal variation, we have,

e2iΠ/fe2iθaλ̃a/f ≈ e
2i(Π+θaλ̃a)/f− 2

f2 [Π,θaλ̃a]+O(θ2)
. (24)

If we choose our variation such that only θ4, · · · , θ7 are non-zero, we see that
the Higgs will transform under SU(3)1 as,

h+ → h+ + (θ4 + iθ5) + · · · , h0 → h0 + (θ6 + iθ7) + · · · . (25)

The form of the variation has been chosen so that there is no extra contri-
bution to h from the commutator.

The other SU(3) will have a very similar effect. Therefore, we see that
any of these symmetries will prevent a mass term for the Higgs (the mass
term is quadratic, and hence not invariant under these shifts).

As I mentioned above, if any of the gauge couplings for the groups
[SU(2) × U(1)]i is non-zero, the corresponding SU(3)i will be broken. In
other words, the gauging of any of these groups breaks the corresponding
global SU(3). Therefore, one-loop Higgs mass correction must be propor-
tional to the gauge couplings g1g2.

Extra Credit: Renormalization of the Higgs

mass

Ok... This is a though one! There are some subtleties in the calculation that
kept me busy for some time. The main problem is the use of Unitary Gauge.
As you will see, there is a certain tension between this gauge and the fact
that we are looking at the divergent part of the integrals. In this problem I
use a general Rξ gauge so you can see the problem explicitly. However, this
will complicate calculation a bit. In particular, we need to take into account
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Figure 1: Tadpole diagrams for the higgs mass renormalization. The internal
loop will carry the gauge bosons, the top quark, the ghosts and the unphysical
higgs.

the ghosts. This becomes cumbersome for the IPI diagrams. Therefore, I
will only consider the tadpole diagrams. The IPI diagrams will only shift the
overall constant of the answer.

The tadpole diagrams will have the general form shown in figure 1. The
internal loop will have W and Z bosons, as well as the unphysical Higgs, the
top quark and the ghosts.

Lets look at the Higgs sector. The Higgs doublet can be written as

H =

(
φ+

1√
2
(φ1 + iφ2 + v)

)
, (26)

where v is the vev. The physical Higgs is φ1, and has mass mh. The unphys-
ical partners φ± and φ2 have masses: ξMW and ξMZ respectively. Now, it
is important to take into account the interactions between these fields. The
potential can be written as (up to a constant),

V (H) = λ

(
H†H − v2

2

)2

. (27)

For the tadpole diagrams, we will need the following terms,

LHiggs = · · ·+ vλφ3
1 + vλφ1φ

2
2 + 2vφ1φ

+φ− . (28)

Now lets look at the gauge bosons. The propagator for the W and Z
bosons can be written as,

∆̃µν =
1

k2 + M2

(
gµν − kµkν

k2

)
+ ξ

kµkν/k
2

k2 + ξM2
. (29)
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The last term represent the propagation of the un-physical states. For the
tadpole diagrams, the relevant vertices connecting two gauge bosons to a
single φ1 are,

igMW gµν for W± igMZ

cW

gµν for Z . (30)

For the tadpole diagrams (to 1-loop), the only relevant interaction with
the ghosts is given by (see Ramond’s book)

Lgh =
ξ

v
φ1

[
M2

Zχ̄zχz + M2
W (η̄+η− + η̄−η+)

]
. (31)

The ghost propagators are:

χz :
−i

k2 + ξM2
Z

, η± :
−i

k2 + ξM2
W

. (32)

When doing the calculation, remember that the ghost contribute with an
extra minus sign in the loop.

Finally, we have the top quark. This one has the usual Feynman rules
that I will not repeat here. The important object is the vertex factor of the
interaction of two tops with one φ1:

igmt

2MW

. (33)

Again, this loop will have an extra minus sign.
Now we are ready to put all together. If you do the calculation carefully,

you find that the ghost loop exactly cancel the contribution of the last term
in the W and Z propagators. The rest of the contributions give (remember
that you need to include the interactions with φ2 and φ±, and be careful with
including the factor of 3 from the colors of the top quark!),

δm2
h =

∫ Λ d4k

(2π)4

(
3 mh

2

k2 + mh
2
− 12 mt

2

k2 + mt
2

+
12 MW

2

k2 + MW
2

+
2 mh

2

k2 + ξ MW
2 +

6 MZ
2

k2 + MZ
2 +

mh
2

k2 + ξ MZ
2

)
. (34)

Now we note something interesting. If we take the Unitary gauge (ξ =
∞), there are two terms that will naively disappear. Then, one would get
the wrong answer (as many of you did!). The problem is basically an order
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of limits between Λ and ξ. The correct thing to do is to pick any gauge with
finite ξ. The Unitary gauge seems to be a bad choice here! In particular, one
can greatly simplify calculations in the gauge ξ = 0.

So we have that the final answer from the tadpole diagrams is,

δm2
h =

9 Λ2 GF

8
√

2 π2

(
mh

2 − 2 mt
2 + 2 MW

2 + MZ
2
)

. (35)

As many of you suspected, there was a typo in the Hw set. This answer can
be checked directly with the literature. For instance see [1]. My result is
exactly Eq. (9) of that paper (forget about the log divergences).

As I mentioned before, the IPI diagrams are a bit tricky if you use the
general ξ. The reason is that you need to go to two loop for the ghosts. This
particular interaction is shown in figure 2. It yields an integral of the form

Figure 2: 1PI diagrams with a loop of ghosts (the little circle). The big circle
is a W or Z boson.

(see Ramond for the vertex factors...they are very complicated; each vertex
factor is linear in the gauge boson momentum),∫

d4pd4l
1

p2l2(k + l)2
, (36)

which is also quadratically divergent. You can avoid evaluating these dia-
grams by just taking ξ = 0 (this way the gauge boson propagators carry only
physical degrees of freedom). If you do the calculation just like we did above,
you find1

δm2
h = −3 Λ2 GF

8
√

2 π2

(
mh

2 − 2 mt
2 + 2 MW

2 + MZ
2
)

. (37)

1You need to be careful with the overall sign, and remember that the unphysical Higgs
still propagate. For the 1PI diagrams their relevant interactions are L = 1

2vλφ2
1φ

2
2 +

λφ2
1φ

+φ−.
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The full answer (tadpole + 1PI) is,

δm2
h =

3 Λ2 GF

4
√

2 π2

(
mh

2 − 2 mt
2 + 2 MW

2 + MZ
2
)

, (38)

just like in [1].
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